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Introduction

We will study now:

@ How to solve a non-linear system of equations (Newton-Raphson).

@ How to calculate numerical derivatives for a function.

How to solve the sequential Social Planner’s problem.

How to implement the value function iteration of the value function
for the same problem.
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Newton Raphson

o Let x = (x1, X2, ..., xn) be a vector of n components and
F:R" — R"
e Goal: Find a vector X such that F(X) = 0.
@ Let's denote by X the numerical approximation to the solution of X.

@ By doing a Taylor Expansion for F around :

F(x) =~ F(X) + J(X)(x — X)

where J(X) is the Jacobian matrix of F evaluated at Xx:

Fll(Y) Flz(Y) Fln(Y)
M— F21(7) Fao (?) FQ,,(Y)
Fi(®) Fro() . Ful(3)
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Newton Raphson

@ Taylor’s Theorem: If the approximator X is close enough to the
solution X:

F(X) = F(X) + J(X)(x — X)
Then:

Rrex— J(X)F(X)

This is the mathematical foundation of Newton-Raphson's method.
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Algorithm

@ Propose a initial solution x°, using as much information you have
about F and initialize s = 0.

@ Calculate the vector F(x*®) and the matrix J(x®).
@ Calculate x**1 using the rule:
xS = x5 — J(x5)LF(x%)

© Evaluate the distance || xS*1 — x* ||. If the distance is greater than
the tolerance criteria, go back to step 2 with s = s + 1. Otherwise,
finish with x = x5*+1.
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Norms

@ There are different ways to measure the distance between two vectors
of dimension n:
© Euclidean norm:

0,5
| x =y ll=[(x = y)* + o 4 (0 = ya)?]
@ Sup. norm:

| x =y ll=max{[xx =y [, [ xo = yn [}
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Be careful

@ If xg starts close enough to X, we can show that Newton-Raphson
converges to X.

@ But, if xg is not close enough to X, the method can:
@ Converge to a different solution (if the solution is not unique), or

@ Diverge, i.e., the distance || x**! — x* || grows with each iteration.

@ We need to try different values for xg before we achieve a definite
answer.

@ Another disadvantage of Newton Raphson is that it requires analytical
expressions for all the partial derivatives of F.

Diego Ascarza (RIEF) Numerical Methods 8/28



@ The secant method is similar to Newton-Raphson, but it uses
numerical derivatives.

@ Let's write the Jacobian matrix as follows:

J(x) = [h(x), 2(x), ..., Jn(x)]

where Ji(x) is a column vector with the n partial derivatives of F
respect to x;.

e Problem: Find a numerical approximation for each Ji(x).

o Let h be a column vector of n components (steps).
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Secant Method

@ If the elements of h are small enough, we can use a Taylor expansion:

F(Xl + hlaX27 "'7XI7) ~ F(X) + Jl(X)h]-

F(x1,x0 + ho, ..., xn) = F(x) + Jo(x)ho

F(x1, X2, «ccy Xn + hp) &= F(x) + Jo(x)hp
from where we obtain, for each i=1,...,n

1
Ji(X) ~ F [F(Xl, I h,', ...,Xn) — F(X)]
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@ An alternative is to approximate the Jacobian matrix from the left:
1
Ji(x) =~ o [F(x) — F(x1, ey xi — hiy ooy Xp)]
1
It is recommendable to take an average of both:
1
Ji(x) = o [F(x1, o0y Xi + hiy ooy xn) — F(x1, oo Xi — By ooy X))
Unless there is a discontinuity of F at x.

The choice of h is arbitrary. It is recommendable to try also with values
progressively lower until the numerical value of the derivative is stable.
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Solving the Social Planner's Problem

@ Solving the deterministic problem of the Social Planner’s, we obtain a
system of equations in difference of first order:

U/(Ct
Bu'(ce+1)
Ct = f(kt) - kt_l,_l + (1 - (5)kt

= F/(kes1) + (1= )
we can write this in general terms as:

\UK(ktv kt+17 Ct, Ct+1) =0
=0

‘Uc(kh ket1, Ct, Ct+1)
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Solving the Social Planner's Problem

@ We can also combine both conditions to obtain:

U'[f(ke) = kev1 + (1 — ) k]
Bu'[f(ke+1) — kewo + (1 — 6)keta]

A equation of differences of second order that we can write as:

= (k1) + (1 - 6)

\U(kt) kt+17 kt+2) =0

Finally, we know that k; converges monotonically to its steady state
value:
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Solving the Social Planner's Problem

Problem: Given the functional forms for u, f, and the value for the
parameters 5 and 6,

@ Find sequences of values for k¢, ¢; that solve the system of equations
in differences W =0, Ve =0 or

@ Find a sequence of values for k; that solve the equation in differences
V(.)=0

... with initial condition kg > 0 and final lim;_ o k; = k*
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Using directly Newton-Raphson

Assuming that the model reaches the steady state in a finite number of

periods (T). The approximated solution must satisfy the system of
equations:

VW (ko, k1, ¢c0,c1) =0
VW (ko, k1, co,c1) =0
Vi (ki, ko, c1,02) =0
V(ki, ko, c1,02) =0

Vy(kr—1, kT,c7-1,7) =0
Ve(kr-1,kr,c7-1,€7) =0

with 2T equations and 2(T + 1) unknowns (including ko,co, kT and c71)
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Using directly Newton-Raphson

@ The first missing equation is kg = ... (whatever it is its initial value).

@ The other missing equation can be kT or kt = k1_3.

We can the solve the system of equations using the Newton-Raphson
method (or the secant method).

There are so many equations (T is at least 100), but it usually works.

We need to propose initial sequences for k9, ....k9,- and cg,...,coT. For
example, a straight line between ky and k1 = k*.
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Using directly Newton-Raphson

@ The method can also be applied to the equation in differences of
second order in k:
V(ko, ki, ko) =0
1'lj(k17 k27 k3) =0
V(kr_2,kT-1,k7) =0

This time we have T — 1 equations and T + 1 unknowns, the missing
equations are kg = ... and some terminal condition k+ = k* or
kr = kr_1.

@ An algorithm for this problem that does not require to solve so many
equations simultaneously is the one of Gauss-Seidel.
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Gauss-Seidel

The algorithm is the following:
@ Propose an initial sequence kg, s k%’-_l and initialize s = 0. For
example, a straight line between ky and k1 = k*.

o Given ko and k3, find ki by solving:

V(ko, ki1, ko) = 0

using Newton-Raphson or other method.
o Find kT, ..., k§-+_11 solving and iterating:

Wk k3T k) =0

W(kith k5 k) =0

o Calculate || (kST ..., kK5™4) — (K3, ..., k) ||. If the distance is
greater than the tolerance criteria then go back to the second step
with s = s + 1. Otherwise stop with k; = kS*1.
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@ With any of these methods, once we find a sequence for k; we can
easily calculate sequences for ¢;, Y, we, r: and any other variable of
Interest:

Ye = f(ke)
ir = key1 — (1 — )kt
= Yr— i
Ke = ke
re = f'(Ky)
we = f(K:) — F(Ke) Ke
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Value Function lteration

@ Using dynamic programming and the contraction mapping theorem,
departing from any function v° (for example v° = 0, the sequence v"
defined by:

v (k) = maxi {u[f(k) + (1 — 0)k — K]+ Bv"(K')}
s.t.
K €10, f(k)+ (1 —0)k]

converges to the solution of the social planner v, when n — co. Let's
see how to implement numerically this method to approximate the
value function v.
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Value Function lteration

Initial setting:

@ Define a grid of capital for k, this is a vector:

K= (K17 K27 teey KP)

with K1 = kpmin and K, = kmax. For simplicity we can use points that
are equally distanced:

Ko = kmin + n K3 = kmin + 277) etc
Ko—Ki
p—1
If p is bigger (a broader grid), the approximation is more accurate but the
algorithm is slower.

with n =
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Value Function lteration

@ Define the matrix M as:

F(Ki, K1) F(Ki,K2) ... F(Ki,Kp)
v | FlKe Ki) F(KaK2) o F(Ka, Kp)
F(Ky K1) F(Kp, Ka) .. F(Kp, Ky)

M saves any possible value for F(k, k") for each possible combination
(k, k") in our grid.

@ Eliminate all the entries that are not feasible by doing:

M = —1000000 if K; > f(K;)+ (1 — 6)K;

Diego Ascarza (RIEF) Numerical Methods 22/28



Value Function lteration

@ Propose an initial column vector VO € RP an initialize s = 0 (for
example, propose V0 = 0.

@ Given V* and M, calculate V511 as:

VSt = max {M + ﬁ(ste)T}

where T denotes the transpose of a matrix, e = [1,1,1...,1] is a row
vector of size p with ones. The max is calculated row by row.

e Compute || V5t — V5 || If the distance is greater than the tolerance
criteria, go back to step 2 with s = s + 1. If the tolerance criteria is
satisfied, finish with V = Vs+t1,
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Value Function lteration

The result will be an approximation to the value function in each entry of
the grid:

V(K1) v(K1)
| v || o
V(Kp) v(Kp)

@ The algorithm stores the optimal decision rule G as well:

G = argmax {M + 5( VXG)T}

G is a column vector of n components, where G; € {1,..., p} indicates
the number of the column that maximizes the row i.
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Value Function lteration

Therefore, departing from any kg = K;, we can recover the optimal
sequence for capital:

k=K with j=G;
ky = K, with /:Gj
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Solving the Recursive Equilibrium Directly

The value function iteration is not ideal to solve directly the recursive
competitive equilibrium since it requires:
e Two state variables (individual capital and aggregate capital) (not
that important).

@ The law of motion I is an unknown object when the consumer
decides to solve her Bellman equation.

We will have to follow then an algorithm of double iteration.

We suppose that the law of motion follows a polynomial of degree n:

K =T(K)=ao+a1K + asK? 4+ ... + a,K"

Diego Ascarza (RIEF) Numerical Methods 26/28



Algorithm

@ Propose a initial vector of parameters (ag, a1, ..., ap).

@ Given I, solve the Bellman equation of the consumer iterating the
value function and obtain the optimal sequence kg, k1, ..., kT.

© Using the time series ko, k1, ..., kT, run the regression:
kiv1 = ag + ark: + azkt2 + ... + apk{
and estimate a vector of parameters (4o, ..., ap)

© Compare (4, ..., dn) and (o, a1, ..., ). If the distance is greater
than the tolerance criteria, go back to step 2 with the new law of
motion. In other case, the algorithm converges.
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Algorithm

@ This method will be more accurate with a higher degree of the
polynomial.

@ Even with n large, the convergence is not guaranteed.
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